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orientation entropy and the buildings’ solar potential
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We explore the relation between urban road network characteristics particularly circuitry, street
orientation entropy and the city’s topography on the one hand and the building’s orientation entropy
on the other in order to quantify their effect on the city’s solar potential. These statistical measures
of the road network reveal the interplay between the built environment’s design and its sustainability.
PACS numbers: 89.75.-k, 89.65.Lm, 89.75.Kd, 88.40.fc
Light as a physical phenomenon profoundly impacted
first cities formation by controlling space utility and com-
fort. As a symbol replete with social and mythical sig-
nificance it shaped the built environment’s architecture
as well as the urban sensory experience [1] and its rela-
tion to the city’s compactness such as buildings’ density,
nearest neighbor ratio, site coverage, and volume to area
ratio is evidently organic [1–3]. As cities grew subject to
landform constraints, socio-economic factors and historic
contexts [4], their annual solar irradiation which is the
amount of solar radiation per unit area has been shown
to decrease with the increase of the aforementioned com-
pactness measures as a result of the interplay between
the buildings and their neighbors’ shadows [3].
Further, the relation between the city and its streets
pattern has been explored through the lenses of space
syntax [5], fractals [6, 7] as well as statistical analysis
[8, 9] where the city is typified by its blocks shape fac-
tors which constitute its fingerprint [10]. Additionally,
the correlation between the density of roads and insola-
tion has been established [11]. Incidentally, the streets
are a product of the interplay between space and light–
although not exclusively–as they grow to ensure the con-
nectedness of the city’s different components and conse-
quently form a space filling network acting as the un-
derlying infrastructure which sustains societal function-
ality. The complexity of this network can be quantified
with several indicators such as circuitry, which measures
the degree of the roads’ divergence from Euclidean dis-
tance, length distributions, as well as the entropies of
the streets’ respective orientations and lengths [12–14],
where entropy is a measure of their spread: zero entropy
is indicative of a peaked distribution whereas the high
level of heterogeneity is typified by a high entropic state.
Additionally, the number of buildings has been shown
to scale with the street length [15], and subsequently the
total solar potential of the city was linked to the street
length distribution. However, the effect of street orien-
tation on that of the buildings remained unexplored. In
∗R. M. Rilke, Ahead of all parting: The selected poetry and prose
of Rainer Maria Rilke (Modern Library, 2015).
this Letter we endeavor to explore the relation between
network circuitry and street orientation entropy and that
of the buildings’ and subsequently explore their link to
the solar potential. In addition we explore the effect of
cities’ landforms or equivalently the distribution of their
topographic elevations on their street network character-
istics. These measures can be used to evaluate the built
environment’s sustainability and give lead to optimal de-
sign in relation to infrastructure.
For this purpose we retrieved the road networks and
building’s footprints from OpenStreetMap [16] of the
cities in Table I. Their solar potentials P , which is de-
fined as the product of the buildings’ yearly irradiation by
their corresponding footprint areas in units of gigawatt
hours per year (GWh/year), were estimated by Mapdwell
[17] with the exception of Beirut (Lebanon) for which we
used the building’s footprints and elevations along with
the city’s topography to evaluate P using the Solar An-
alyst of ArcGIS [15, 18].
TABLE I: P of multiple cities are given together with their
corresponding street orientation entropy, building orientation
entropy and network circuitry.
City P Sstreet Sbuilding C
[GWh/year] orientation orientation
Beirut (Lebanon) 370 3.32 2.73 1.05
Boston (MA) 1641 3.49 2.75 1.10
Boulder (CO) 731 3.34 2.71 1.15
Cambridge (MA) 340 3.51 2.69 1.08
Lo Barnechea (Chile) 582 3.55 2.77 1.42
New York (NY) 13,330 3.55 2.71 1.06
Portland (OR) 8,123 3.23 2.33 1.11
San Francisco (CA) 3,992 3.31 2.46 1.08
Washington (DC) 2,295 3.40 2.67 1.11
A building’s weighted orientation is defined to be the
angle that the major axis of its circumscribing ellipse
makes with the North as shown in Fig 1. More precisely,
when the building’s long sides’ alignments outweigh those
of the short sides the orientation is termed weighted com-
pared to its unweighted counterpart where all the sides’
directions are equally significant [3]. Further, we com-
2pute the streets’ orientations with respect to the North
using the maptools and spatstat packages in R [19], which
allowed us to produce the cities’ rose diagrams of in Fig.
2, showing the distributions of their streets’ orientations.
FIG. 1: Two buildings footprints are shown in blue along
their respective ellipses whose major axes (in orange) define
the weighted orientation.
0
pi 12
pi 6
pi 4
pi 3
5pi 12
pi 2
7pi 12
2pi 3
3pi 4
5pi 6
11pi 12
pi
13pi 12
7pi 6
5pi 4
4pi 3
17pi 12
3pi 2
19pi 12
5pi 3
7pi 4
11pi 6
23pi 12
(a)
0
pi 12
pi 6
pi 4
pi 3
5pi 12
pi 2
7pi 12
2pi 3
3pi 4
5pi 6
11pi 12
pi
13pi 12
7pi 6
5pi 4
4pi 3
17pi 12
3pi 2
19pi 12
5pi 3
7pi 4
11pi 6
23pi 12
(b)
0
pi 12
pi 6
pi 4
pi 3
5pi 12
pi 2
7pi 12
2pi 3
3pi 4
5pi 6
11pi 12
pi
13pi 12
7pi 6
5pi 4
4pi 3
17pi 12
3pi 2
19pi 12
5pi 3
7pi 4
11pi 6
23pi 12
(c)
0
pi 12
pi 6
pi 4
pi 3
5pi 12
pi 2
7pi 12
2pi 3
3pi 4
5pi 6
11pi 12
pi
13pi 12
7pi 6
5pi 4
4pi 3
17pi 12
3pi 2
19pi 12
5pi 3
7pi 4
11pi 6
23pi 12
(d)
0
pi 12
pi 6
pi 4
pi 3
5pi 12
pi 2
7pi 12
2pi 3
3pi 4
5pi 6
11pi 12
pi
13pi 12
7pi 6
5pi 4
4pi 3
17pi 12
3pi 2
19pi 12
5pi 3
7pi 4
11pi 6
23pi 12
(e)
0
pi 12
pi 6
pi 4
pi 3
5pi 12
pi 2
7pi 12
2pi 3
3pi 4
5pi 6
11pi 12
pi
13pi 12
7pi 6
5pi 4
4pi 3
17pi 12
3pi 2
19pi 12
5pi 3
7pi 4
11pi 6
23pi 12
(f)
0
pi 12
pi 6
pi 4
pi 3
5pi 12
pi 2
7pi 12
2pi 3
3pi 4
5pi 6
11pi 12
pi
13pi 12
7pi 6
5pi 4
4pi 3
17pi 12
3pi 2
19pi 12
5pi 3
7pi 4
11pi 6
23pi 12
(g)
0
pi 12
pi 6
pi 4
pi 3
5pi 12
pi 2
7pi 12
2pi 3
3pi 4
5pi 6
11pi 12
pi
13pi 12
7pi 6
5pi 4
4pi 3
17pi 12
3pi 2
19pi 12
5pi 3
7pi 4
11pi 6
23pi 12
(h)
0
pi 12
pi 6
pi 4
pi 3
5pi 12
pi 2
7pi 12
2pi 3
3pi 4
5pi 6
11pi 12
pi
13pi 12
7pi 6
5pi 4
4pi 3
17pi 12
3pi 2
19pi 12
5pi 3
7pi 4
11pi 6
23pi 12
(i)
FIG. 2: Beirut’s rose diagram is given in 2(a), Boston’s in
2(b), Boulder in 2(c), Cambridge’s in 2(d), Lo barnechea’s in
2(e), New York’s in 2(f), Portland’s in 2(g), San Francisco’s
in 2(h), and finally Washington’s in 2(i).
Moreover, in order to quantify the dispersal in the ori-
entation we resort to the computation of the entropy
[14, 20]. Particularly, the streets’ orientation entropy
measures the variability in their respective azimuths and
similarly the buildings’ orientation entropy measures the
diversity in their major axes alignments. They are re-
spectively given by:
Sstreet orientation = −
N∑
i
pi log pi, (1)
Sbuilding orientation = −
N∑
i
pi log pi, (2)
where N is the number of bins, pi is the probability that
a street or a building is oriented along a direction i with
respect to the North with i going from 0 to pi in steps
of pi/12, and finally
∑N
i
pi = 1. In the case where the
distribution is uniform the entropy is logN , whereas in
the case where the distribution is peaked the entropy is 0.
In addition to Sstreet orientation the network circuitry, de-
fined as the ratio of the sum of all the network’s pairwise
distances D to the total pairwise Euclidean counterpart
De, characterizes the road network. It is given by:
C =
D
De
, (3)
These metrics are calculated using Eq.1-3 for all the cities
and are given in Table I along with their corresponding
city’s solar potential P . In what follows we explore their
interdependence.
Figure 3 shows the variation of the buildings orien-
tation entropy as the a function of that of the streets
orientation and reveals two scaling regimes given in Eq.
4:
tree s’ orien ations with respect to the North using the
maptools and spatstat packages in [19], which allowed
us t produc the cities’ rose diagrams shown in Fig. 2.
FIG. 1: Two buildings footprints are shown in blue along
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the weighted orientation.
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FIG. 2: Beirut’s rose diagram is given in 2(a), Boston’s in
2(b), Boulder in 2(c), Cambridge’s in 2(d), Lo barnechea’s in
2(e), New York’s in 2(f), Portland’s in 2(g), San Francisco’s
in 2(h), and finally Washington’s in 2(i).
Moreover, in order to quantify the dispersal in the ori-
entation we resort to the computation of the entropy
[14, 20]. Particularly, the streets’ orientation entropy
measures the variability in their respective azimuths and
similarly the buildings’ orientation entropy measures the
diversity in their major axes alignments. They are re-
spectively given by:
street orientation log (1)
building orientation log (2)
where is the number of bins, is the probability that
a street or a building is oriented along a direction with
respect to the North with ng from 0 to in steps
of and finally = 1. In the case where the
distribution is uniform the entropy is log , whereas in
the case here the distribution is peaked the entropy is 0.
I a itio to street orientation the network circuitry, de-
fi s t e ratio of the sum of all the network’s pairwise
i s to the total pairwise Euclidean counterpart
, racterizes the road network. It is given by:
(3)
These metrics are calculated using Eq.1-3 for all the cities
and are given in Table I along with their corresponding
city’s solar potential . In what follows we explore their
interdependence.
Figure 3 shows the variation of the buildings orien-
tation entropy as the a function of that of the streets
orientation and reveals two scaling regimes given in Eq.
4:
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FIG. 3: The figures shows the variation in the building en-
tropy and a function of the street orientation entropy. The dif-
ferent regimes are fitted with the blue lines given respectively
by: 2 51+0 24 street orientation and 2 71+0 04 street orientation
building
orientation
street
orientation
24 for street orientation 32
04 for street orientation 32
(4)
I . : e figure shows the variation in the building entropy
as a fu ction of the street orientation entropy. The different
regimes are fitted with the blue lines given respectively by:
2.51 + 0.24Sstreet orientation a d 2.71 + 0.04Sstreet orientation
∂S building
orientation
∂S street
orientation
=
{
0.24 for Sstreet orientation ≤ 3.32
0.04 for Sstreet orientation > 3.32
(4)
3Next, we follow the variation in Sstreet orientation as a
function of C, which is shown in Fig. 4. This also reveals
two domains separated by Sstreet orientation = 3.32 with
their respective slopes given in Eq. 5.
Next, we follow the variation in street orientation as a
function of , which is shown in Fig. 4. This also reveals
two domains separated by street orientation = 3 32 with
their respective slopes given in Eq. 5.
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FIG. 4: The figures shows the variation in street orientation
entropy as a function of circuitry. The di erent regimes are
fitted with the blue lines given respectively by: 3 29 06
and 3 45 16
street
orientation
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Subsequently, the network circuitry, the streets’ orien-
tation, and the that of the buildings are interdependent,
which we expect to be a ecting their corresponding so-
lar potential. Therefore, we follow as a function of
street orientation, which is shown in Fig. 5, which in turn
exhibits two scaling domains whose’ slopes given by Eq.
6:
street
orientation
for street orientation 32
for street orientation 32
(6)
where and
We note that Portland, Beirut, and San Francisco are
all hilly cities compared to the others. Thus we suspect
that the landform constraints are limiting the streets’
orientations as well as those of the buildings and thus
this might explain why their respective street orientation
and building orientation are lower compared to their coun-
terparts of Table I. To explore the e ect of landform
on these metrics we evaluate the cities’ sea-level height
distributions calculated using their respective 1 reso-
lution digital elevations retrieved from Trimble Market-
place [21]. Beirut, San Francisco, and Portland’s normal-
ized probability distributions of the standardized heights
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FIG. 5: The cities’ solar potentials are followed and the
blue lines are given by 5349 street orientation + 4209, and
535 street orientation + 1118.
are given in Fig. 6, which appear to be long-tailed dis-
tributions, while those of the rest of the cities are given
in Fig. 7 and are symmetrical with the exception of New
York. The long-tailed distribution results from the exis-
tence of a lower bound in the heights, while the absence
thereof brings about symmetrical distributions [22–26],
appearing respectively in Fig. 6 and Fig. 7.
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FIG. 6: The figure shows the long-tailed normalized probabil-
ity distributions of the cities as a function of their respective
standardized heights.
Moreover, New York’s potential and Lo Barnechea’s
circuitry are higher that the rest of the cities. Therefore,
using the results of Eq. 4-6 we can explore the joint
ect of street orientation and and produce the system’s
phase diagram. We denote the two di erent regimes of
I . 4: The figure shows the variation in street orientation
e tropy as a function of circuitry. The different regimes are
fitted ith the blue lines given respectively by: 3.29− 0.06 C
and 3.45 − 0.16 C
∂C
∂S str et
orientation
=
{
−0.06 for Sstreet orien ation ≤ .32
−0.16 for Sstreet orien ation > .32
(5)
bsequently, the network circuitry, the streets’ orien-
tation, and the that of the buildings are interdependent,
hich e expect to be affecting their corresponding so-
lar potential. Therefore, we follow P as a function of
Sstreet orientation, which is shown in Fig. 5, which in turn
exhibits two scaling domains whose’ slopes given by Eq.
6:
∂P
∂S street
orientation
=
{
α for Sstreet orientation > 3.32
β for Sstreet orientation ≤ 3.32
(6)
ere α = −5349 and β = −535.
e note that Portland, Beirut, and San Francisco are
all hilly cities compared to the others. Thus we suspect
that the landform constraints are limiting the streets’
orientations as well as those of the buildings and thus
this might explain why their respective Sstreet orientation
and Sbuilding orientation are lower compared to their coun-
terparts of Table I. To explore the effect of landform
on these metrics we evaluate the cities’ sea-level height
distributions calculated using their respective 1.2m reso-
lution digital elevations retrieved from Trimble Market-
place [21]. Beirut, San Francisco, and Portland’s normal-
ized probability distributions of the standardized heights
are given in Fig. 6, which appear to be long-tailed dis-
tributions in addition to New York’s, while those of the
Next, we follow the variation in street orien ation as a
function of , which i shown in Fig. 4. This also reveals
two domains separated by street orien ation = 32 with
their respective slopes given in Eq. 5.
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are given in Fig. 6, which appear to be long-tailed dis-
tributions, while those of the rest of the cities are given
in Fig. 7 and are sy metrical with the exception of New
York. The long-tailed distribution results from the exis-
tence of a lower bound in the heights, while the absence
thereof brings about symmetrical distributions [22–26],
appearing respectively in Fig. 6 and Fig. 7.
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Moreover, New York’s potential and Lo Barnechea’s
circuitry are higher that the rest of the cities. Therefore,
using the results of Eq. 4-6 we can explore the joint
ect of street orientation and and produce the system’s
phase diagram. We denote the two di erent regimes of
FIG. 5: The cities’ solar potentials are followed and the
blue lines are given by −5349Sstreet orientation + 4209, and
−535Sstreet orientation + 1118.
rest of the cities are g ven in Fig. 7 and are all nearly
symmetrical. The long-tailed distribution results from
the existe ce of a lower bound on the heights, while the
absence thereof brings about symmetrical dis ributions
[22–26], appearing respectively in Fig. 6 and Fig. 7.
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all hilly cities compared to the others. Thus we suspect
hat the landform constraints are limiting the streets’
orientations as well as those of the buildings and thus
this might explain why their respective street orientation
and building orientation are lower compared to their coun-
terparts of Table I. To explore the e ect of landform
on these metrics we evaluate the cities’ sea-lev l height
distributions calculated using the r respective 1 reso-
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are given in Fig. 6, which appear to be long-tailed dis-
tributions, while those of the rest of the cities are given
in Fig. 8 and are symmetrical with the exception of New
York. The long-tailed distribution results from the exis-
t nce of a lower bound in the heig ts, whil the absence
thereof bri s bout symmetrical distributions [22–26],
appearing respectively in Fig. 6 and Fig. 8.
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Moreover, New York’s potential and Lo Barnechea’s
circuitry are higher that the rest of the cities. Therefore,
using the results of Eq. 4-6 we can explore the joint
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FIG. 6: The figure shows the long- ailed normalized proba-
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New York’s hig Sbuilding orientation can be x lained by
he fact that the city is divided int three major main-
lands: Staten Island, Brooklyn and Manhattan each of
which has its own orientation as a whole, which is man-
ifested at both the street and building levels despite the
fact that the height distribution is long-tailed. Moreover,
Lo Barnechea’s circuitry is higher that the rest of the
cities by design. Therefore, usi g the results of Eq. 4-6
we can explore th joi t ffect of Sstreet orientation and C
and produce the system’s phase diagram. We denote the
two different regimes of the behavior of P as a function
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FIG. 7: The figure shows the normalized probability distribu-
tions of the cities as a function of their respective standardized
heights all of which are symmetrical with the exception of NY.
the behavior of as a function of street orientation by
their corresponding slopes and . The phase diagram
is given in Fig. 9, with New York and Lo Barnechea being
the singularities. For values of street orientation
that is for hilly cities, scales as street orientation and
when street orientation that is for flatland cities,
its scales as street orientation
FIG. 8: The phase diagram shows the scaling domains and
of with street orientation , which correspond to flat and
hilly topographies respectively.
It has been shown that landform imposes physical con-
straints on the alignments of streets [4, 11] and subse-
quently on its road network characteristics. Here we have
pushed the idea further and explored the e ect of topog-
raphy in determining the city’s buildings’ solar potentials
as a consequence of the aforementioned constraints. This
graph theoretic approach established a clear relation be-
tween a city’s sustainability and its infrastructure’s de-
sign subject to landform constraints and complemented
our findings which linked to its street length distribu-
tion [15].
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